Basis for “silent” qubit: levels and their splitting.
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The phase qubit [1] based on exploiting of nonsinusoidal current-phase relation (CPR) of Josephson junctions [2] attracts attention because of several important advantages: (i) protection of the operating point from the fluctuations of the external fields even on classical level; (ii) absence of state-dependent spontaneous current in the loop of the qubit; (iii) uselessness of magnetic flux biasing [2, 3]. Recently gaps between energy levels of the qubit were calculated, and the use of the ground and first levels was proposed as a basis of the “silent” qubit [2]. Nevertheless, from our point of view more promising way is to use the ground energy level splitting. Therefore we have analyzed the dependence of the energy level splitting on the CPR harmonic (2nd and 3d) amplitudes and applied magnetic flux.
We have obtained analytical expression for the energy levels of the qubit in the frame of quantum mechanical oscillator model with negligible inductance. If the 3d (and higher) harmonic amplitudes vanish, the expression is reduced to the form:
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where A1,2 and B1,2  are amplitudes of the 1st and 2nd harmonics in CPR of the junctions. If CPR contains the only third harmonic the energy expression is reduced as follows:
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where C1,2 are amplitudes of the 3d harmonic.
Using the well-known perturbation theory [4], one can calculate the energy level shift caused by external magnetic flux x. E0 In particular taking into account the only second harmonic, the shift for ground level is as follows: 
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Here is a function of both the harmonic amplitudes and the ratio (s) of characteristic Josephson energy EJ to Coulomb energy EQ0:
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One can note that the shift shows the second order dependence on x and vanishes at B1,2/A1,2 = 0.5.
We have also calculated the energy level splitting which is caused by the phase tunneling between the qubit potential wells [4]. Specifically the ground energy level E0 splits into two levels E± = E0 ± Δ, and the splitting amplitude Δ is defined by both the height V0 of the potential barrier between the wells and the classical turning points 1,2:
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If we take into account only 2nd harmonic, in common case we have: 
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When no external flux is applied (x = 0) the equation for the barrier height V0 becomes either as follows:
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or as follows:
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if 3d harmonic is present while the second one is negligible.
Fig. 1 presents the splitting gap behavior for two different cases when CPR contains either the only second harmonic (Cj = 0) or the only third harmonic (Bj = 0). In particular, in the first case, the splitting gap peaks up to (3.5…7)EQ0  at the total 2nd amplitude (B1+ B2) = (1.2 … 1.6)I0. 
The split ground levels as working levels of the qubit are well decoupled from the other ones and the splitting gap  can strongly exceed energy of thermal fluctuations kBT at relatively small harmonic amplitudes. (This in contrast to the basis proposed in [2]) Furthermore, the gap  can be tuned by ratio s with change of the Josephson junction area.
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Fig. 1. Splitting gap behavior for three values of the ratio s of characteristic Josephson energy EJ to Coulomb energy EQ0 at the presence of the only second harmonic (left) or of the only third harmonic (right) in CPR of the junctions; x = 0.
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